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Abstract 

We summarize our recent work [1,2,3] concerning the formulation of two-particle-irreducible 
(2PI) functional techniques for abelian gauge field theories. 
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1. Introduction 

Two-particle-irreducible (2PI) functional techniques provide a powerful tool to devise 
systematic nonperturbative approximation schemes in quantum field theory, of interest in 
numerous physical situations where standard (loop, l/N) expansions fail. A non-trivial 
issue for such approximations is that they should reflect, as much as possible, basic 
features of the exact theory, such as symmetries and renormalizability. 

The issue of renormalization in the 2PI formalism has attracted a lot of attention in 
recent years |4|5|6|7|8] and is now a well established topic. The basic tools have been 
put forward in pioneering works [4 and a complete 2PI renormalization theory has been 
proposed for theories with linearly realized global symmetries [5]. 

In a recent series of papers [1 2 3 , we have developed the 2PI renormalization theory for 
abelian gauge theories. This requires a proper understanding of symmetry constraints, i.e. 
Ward-Takahashi (WT) identities, in the 2PI formalism, which is the purpose of Ref. pQ. 
In Refs. 03], these results are used to develop a consistent renormalization procedure 
for 2PI QED, which preserves the underlying gauge-symmetry. The present contribution 
provides a summarized account of these papers. 
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2. 2PI effective action for QED 



We consider QED in the covariant gauge and use dimensional regularization. The 
gauge-fixed classical action reads, with standard notations, 



S[A, ip,ip}= / d d x \ ip 



eA - 



i/j + ^[g^d 2 -(l-X)d^ 



A" 



(1) 



where A is the gauge-fixing parameter. Aside from the gauge-fixing term, the classical 
action is invariant under the gauge transformation 
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where a(x) is an arbitrary real function. To define the 2PI effective action, it is convenient 
to grab the bosonic and fermionic connected one- and two-point functions in a superfield 
ip and corresponding supercorrelator Q (transposition includes space-time variables): 



(3) 



In general, one should keep track, at the level of the 2PI effective action, of all possible 
fields and correlators. Besides the usual photon and fermion two-point functions G and 
D, this includes all possible mixed correlators, such as, for instance the photon-fermion 
correlators K and K, etc. Although the latter vanish on-shell, they should be set to their 
physical value only after all the relevant functional derivatives have been takenPH 

Writing the classical action as S[ip] = So[ip] + Si n t[ip], where So[ip] = \ l -PmiQ§\ nn <Pn is 
the quadratic part, with Q^ 1 the free inverse (super)propagator, the 2PI functional can 
be parametrized as [119] : 



r 2 pi[<^, Q] = s 



-StrLn^ 1 



-Str^-^ + Tint^, G] 



(4) 



where Str denotes the functional supertrace and iT- mi [<p, Q] is the sum of closed two- 
particle- irreducible (2PI) diagrams made of classical QED vertices and lines given by Q. 

The physical correlator Q[~p\ in the presence of a nonvanishing field (p is obtained as 
the solution of the stationarity condition ST2Pi/5G — oFT. 



= Q Q 1 - H[ip] with £„ m [<ys] = (-1)" 3 '* 2i 



ST int [cp, Q] 



sg n 



(5) 



Finally, the effective action T[(p], the generating functional for 1PI n-point vertex 
functions, is obtained as 



v[ip] = r 2 pi[(p,g[p}} . 



(6) 



3 For instance, 6T2pi/SKSK does not vanish on-shcll. 

4 Here, (— = 1 if n refers to a bosonic superfield component and ( — l) q " 



-1 otherwise. 
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This is a mere identity in the exact theory. However, for finite 2PI approximations, 
Eqs (J4j)- ((6j) define a powerful systematic resummation scheme for the effective action 
EE]. 



3. Vertex functions 



In the 2PI framework, n-point vertex functions can be obtained in different ways, see 
e.g. [5]. Equivalent in the exact theory, they differ in general at finite approximation order. 
The most straightforward definition involves the n-th derivatives of the (2PI-rcsummed) 
effective action ©: 



r (n) _ <5" r 

1 1...T 



8ip n •••5<pi 



(7) 



taken at the physical value (p of the field, defined by §T[ip]/6ip\^ — 0. We refer to these 
as 2PI-resummed vertex functions. 

Other possible definitions of vertex functions involve derivatives of the 2PI effective 
action ([4]) with respect to Q. For instance, the two-point function - the self-energy - can 
either be obtained from the second derivative of the 2PI-resummed effective action, see 
Eq. (|7|), or directly from Eq. (|5|). In turn, higher n-point functions can be obtained as 
field-derivatives of the self-energy £ [ip]: 



(8) 



Of course, r^™) = in the exact theory [T], but this is not true in general at finite 
approximation order. We refer to the vertices ||5J) as 2PI vertex functions^- Together 
with 2PI-resummed vertices ([7]), they play a crucial role in the renormalization program. 

4. Symmetries and 2PI Ward-Takahashi identities [lj 

To analyze the role played by the gauge symmetry in the quantum theory, we write 

S[<p] = S sym [>p] +Sgf[<p] (9) 

where S l sym [(p] is the gauge-invariant classical QED action and S s t [ip] is the gauge-fixing 
term. We consider the linear gauge transformation of the fields 

tp ^ tp {a) = Ap + B and Q^Q^ a) =AQA\ (10) 

where we use the notation A<p = J ~^2 n A mn (x, y) p n (y). For the transformation @, one 

has A mn (x,y) = 6 mn 5^(x - y) exp[iq m a(x)} and B{x) = (— da(x)/e,0, 0) 4 . 

We show in Ref. p] that, for linear gauges, the 2PI effective action must be of the form 

r 2P i^,e] = r s /p n I >,g] + s gf M, (ii) 

where r 2 pj [</?, G] is invariant under the gauge transformation (|10|> . This generalizes the 
standard result that, for linear gauges, Sgrfi/j] does not receive any loop corrections. 



We stress though that these are really proper, one-particle-irreducible vertex functions. 
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Equation (jTTJ) encodes all the symmetry identities of the quantum theory. For instance, 
since the gauge-fixing term in Eq. (jlip is (/-independent, one concludes that the physical 
correlator Q[<p] is obtained as the extremum of the symmetric functional r^p™^, Q]. It 
follows that it transforms covariantly under the gauge-transformation of its argument: 
= g( a ) [<p]. For an infinitesimal transformation, this can be rewritten as (denoting 
by 8^ a ' the corresponding variations) 

dipp 

Eq. (|12p generates, through functional derivatives, a hierarchy of symmetry identities for 
the 2PI vertex functions ©. It is remarkable that, despite the rather unusual definition 
of the latter, the obtained identities have the very same form as the usual WT identities. 
As an illustration, the (-t/j, ^-component of Eq. (fT2| leads to the usual relation between 
three-point photon- fermion vertex function (5E^/(L4 M |^ and the inverse fermion two- 
point function iD ; 



1 Qp ST,^(x,y) 



e z SAv(z) 



S i4) (x-z)-6 i4) (z-y)\ iD-\x,y). (13) 



Similarly, one obtains from the (^4, A)-component of Eq. (fT2")l that 2PI n-photon vertex 
functions with n > 3 are transverse in momentum space with respect to external momenta 
associated with field derivatives (see Q] for details): 

21 5A^(zi) ■ ■ ■5A^(z k ) 



= 0. (14) 

v 

Next, using Eq. ([5]), one finds that the 2PI-resummed effective action reads 

rM = r^>] + s gf M, (15) 

where r sym [(^] = r^p" 1 ^, G[<p\] is invariant under the gauge transformation (|10p . It im- 
mediately follows that 2PI-resummed vertices satisfy the standard WT identities. It is 
remarkable that, although they are a priori very different objects, 2PI and 2PI-resummcd 
vertices with three external legs or more independently satisfy the same WT identities. 

An interesting byproduct of this analysis is that the 2PI two-point function itself, 
iQ^ 1 = z(? _1 [(/?], is not constrained by the underlying symmetry. This is because it is 
defined as the solution of a stationarity condition, Eq. and not as a field derivative 
of some functional. In general, only the latter are constrained by symmetry identities. 
For instance, the 2PI photon polarization tensor fl A " / = E^Jt/?] is not constrained to 
be transverse in momentum space at any finite approximation order In contrast, the 
2PI-resummed two-point function r' 2 ) = 5 2 T[<p]/5ip 2 \p, being defined as a geometrical 
object, is constrained in the usual way by the gauge symmetry. In particular, the 2PI- 
resummed photon polarization tensor II M „ = <5 2 (r[</3] — Sq{<^\) / 8A V 8A^\(p is transverse in 
momentum space: 

d^ v (x,y)=0. (16) 



6 Of course a non-vanishing longitudinal component of It is a pure artifact of the approximation. For 
instance, for a systematic loop expansion, it is always of higher order than the approximation order [2]. 
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It is important to realize that all the results derived above are direct consequences 
of the symmetry property It follows that any 2PI approximation which respects 

this property leads to nonperturbative expressions for (2PI and 2PI-resummed) vertex 
functions which exactly satisfy (2PI) WT identities. In Ref. PQ, we give general rules to 
construct such approximation schemes for general abelian gauge theories. In particular, 
we show that, in QED, the 2PI loop-expansion satisfies the symmetry constraint (jTTJ) at 
any approximation order. 



5. Renormalization [2 ,3j 



We define the rescaled field and propagator using the matrix Z = diag (Z3, Z2, Z-i): 

<p R = Z- 1 / 2 <p and g R = Z- 1 / 2 QZ- 1 ' 2 , (17) 

1/2 

as well as the usual renormalized parameters Zqiur = Z2m, Z\e R — Z 2 Z^ e and Z^Xr = 
Z3A. The renormalized 2PI effective action, defined as T^viVpRtGr] = r2pi[</?, G], can be 
written as, up to a constant contribution: 

Ifpjfaa, Gr] = S , R [<p R ] + ^Strln^ 1 + ^Stvg- R Gr + T^[<p R , Gr] , (18) 

where Sa, R [(p R ] = \<p R iGQR<p R with Gq R obtained from Gq 1 after (m, A) is changed to 
(m R , Xr). Eq. (I18p defines T?^ t [(p R , Gr], which can be expressed in terms of renormalized 
parameters and counterterms SZi = Zi — 1, i = 0, . . . ,4: 

r hL[^-R' Gr] = F illt [(pR, G R ; e R ] + ST int [(p R , Gr] ■ (19) 

The first term on the RHS is obtained from Pi n t [tp, G] by replacing bare quantities by 
renormalized ones whereas STi nt [ipR, Gr] accounts for all counterterm contributions. For 
a successful renormalization program, the latter should be such that the infinitely many 
UV-divergences appearing at any finite approximation order in the 2PI formalism can be 
canceled by adjusting a finite number of local counterterms consistent with the underlying 
symmetries, a non-trivial task obviously. 

In Refs. [213] . we show that this can indeed be achieved if one includes in <5Pi n t[^i?,, Gr] 
all counterterms contributions allowed by power counting and (Lorentz, gauge, etc.) sym- 
metries. In the 2PI framework, this may allow for new type of counterterms, which have 
no analog in the standard renormalization theory, simply because there are more possibil- 
ities to construct symmetry invariants with both ipR and Gr than with ip R alone. As an 
illustration, the most general counterterm contribution satisfying the above requirements 
at two-loop order can be written as [3] PI 

STint[v>R, Gr] = SStobit] + 6Tl£ op [ip R , Gr] + ST 2 [Gr] , (20) 

with 

5S int [<p R ] = J d d x 5 -^A R (x) (g^d 2 x - A R {x) 

d d x 4>r(x)(^SZ 2 ^ x - 5m - 5Zie R A R (xfjipR(x) , (21) 



7 Only Eq. receives higher-loop contributions. 
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ST*£"[<Pr,Gr] = J d d x {g, v dl - BZ^ + ^fg^+^w) G R v (x,y) 

'x tr (i5Z 2 $ x - 5m - 5Zie R A R (x) ) D R (x, y) 

V / y— x 

' d d x 5Z x e R ($ R {x)# R {x,x)+$ R {x,x)ip R {x)} , (22) 



and 

ST 2 [g R ] = jd d x (^G Rli (x,x)G Ru (x,x) + 6 -fG^(x,x)G^(x,x)^ . (23) 

A few remarks are in order here. First, notice that some terms, which would be allowed 
by power counting and global symmetries, such as A R , or (dA R ) 2 in Eq. (|2"Tj) , or A 2 R G R 
in Eq. (|2"2"j). are forbidden by the gauge symmetry. Correspondingly, as shown in |3J, 2PI 
WT identities prevent the appearance of those UV divergences which would call for such 
counterterms. In contrast, since the photon correlator G R is invariant under the gauge 
transformation (jTUJ) terms of the form G R , ddG R and G 2 R are allowed, giving rise to corre- 
sponding counterterms SM 2 , SX, Sgi and 6g~2, which would be absent in the exact theory. 
As discussed in detail in [2 j these counterterms actually serve to absorb divergences in 
the longitudinal (in momentum space) part of the inverse photon correlator G^, 1 which, 
as discussed previously, are not forbidden by 2PI WT identities. Notice though that, as 
already mentioned, such divergences are a pure artifact of the approximation. For a 2PI 
loop-expansion, they are systematically of higher order than the approximation order. 
So are the (divergent part of the) corresponding counterterms which, therefore, vanish 
as one approaches the exact theory. 

Next, notice that gauge symmetry allows for a priori different independent SZ's, such 
as SZ% and 8Z3, etc. This is a generic feature of 2PI renormalization theory, related to 
the existence of a priori different possible definitions of vertex functions. The latter come 
with a priori different UV divergences, to be absorbed in the different SZ's. Again, at a 
given order in the 2PI loop-expansion, these differences arc systematically higher-order 
effects. Finally, the terms ip R ^ R , tp R A R ip R , (j)D R and A R D R are obviously related by 
the gauge symmetry and so are the counterterms SZi, 6Z2, 8Z\ and 8Z2- For instance, for 
a suitable definition of the renormalized charge e R , one has SZi = 8Z2 and 8Z\ = 5Z2- 

In Refs. |2l3j we explicitly show that 2PI WT identities constrain the UV divergences 
appearing at any finite approximation order in such a way that they can all be absorbed 
in the set of counterterms discussed here. 

We stress again that the profusion of counterterms encountered here is a generic fea- 
ture of 2PI renormalization theory and is a mere artifact of the finite approximation: 
different counterterms are nothing but different approximations of the true counterterms 
of the theory. For instance, the difference 6Z3 —6Z3, or the gauge-fixing-parameter coun- 
terterm SZ4 = 5X/X R should approach their exact (zero) value as the approximation 
order increases. As mentioned above, this is certainly true for the divergent parts of the 
respective counterterms. To ensure that this be true for the finite parts as well, one needs 
to impose suitable renormalization conditions. A related issue is the fact that, for a suc- 
cessful renormalization procedure, one needs to fix all the above counterterms without 
introducing any new input parameter - other than m R and e R — to specify the theory. 



6 



In the 2PI formalism, the conditions which fix the various counterterms can be sep- 
arated in two distinct classes. The first ones are the usual renormalization conditions, 
which define the theory. These can, for instance, be written in terms of the 2PI-resummed 
two- and three-point vertices and . To be more specific, we denote by E^ and 



(2) 

components of E^ = iT 



Ilfl the 2PI-resummed fermion and photon self-energies, i.e. the non-vanishing 

and by T^' 1 ^ = , t the fcrmion-photon three- 
point vertex. QED can be defined"^! by the following set of independent renormalization 
conditions at a given renormalization point * (chosen here to correspond to zero photon 
and on-shell fermion moment eHH) : 



= 



<9E 



ijjlp 



= o 



dk 2 



= and T 



(2,1) 
R,fj, 



(24) 



where IT£ is defined as, see dHJ), ITj(fc) = (g» v - fc^fc^/fc 2 )ng(fc 2 ). 

The second class of conditions are in fact consistency conditions, whose role is to restore 
the identity of the various vertex functions at the renormalization point. It is a necessary 
requirement in order to guarantee that the approximation scheme converges toward the 
correct theory. For instance, we demand that the 2PI fermion self energy satisfies 



= E 



and 



dtp 



(25) 



Similarly, we impose, for the longitudinal and transverse part of the 2PI photon polar- 
ization tensor, 



dIL L R 



dk 2 



and 



dill 



dk 2 



dill 



dk 2 



(26) 



where the first two conditions follow from the fact that, at any approximation order, 
the 2PI-resummed photon polarization tensor Hr is transverse in momentum space, i.e. 
II^,(fc 2 ) = 0, see p^|) . Similar conditions for the 2PI four-photon function allows one to 
fix the four-photon counterterms Sgi and Sg~2 [2]. Finally, we demand th at th e different 
definitions of the three-point vertex coincide at the renormalization point P^l 



£E 



iftlft 



SA R 



Stpi 



= r 



(2,1) 



(27) 



In total, the conditions (|24p - (l27|) allow one to fix all the counterterms introduced above. 
We stress that conditions (l^5l) - ([2T|) are imposed by the consistency of the approximation 
scheme. The only freedom one has lies in the four independent renormalization conditions 
as expected for QED. 



To be complete, this should be supplemented by renormalization conditions for composite operators. 
For a discussion of more generic renormalization points, see [3] 

Lorentz symmetry and charge-conjugation invariancc imply that <5e| A /<5V,rI* = SS^ /S^r\* [3]. 
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6. Conclusion and Outlook 



To summarize, we have proposed a consistent, gauge-invariant 2PI renormalization pro- 
cedure for abelian gauge theories and have clarified a number of issues concerning (gauge) 
symmetries in the 2PI formalism. We believe this is an important step, which opens the 
way to reliable quantitative calculations in gauge theories using nonperturbative 2PI 
techniques. Possible applications include equilibrium and nonequilibrium dynamics. This 
work is also an important step toward the case of non-abelian gauge theories |9|12j . 

Here, we would like to comment about another important issue concerning gauge theo- 
ries in the 2PI formalism, namely the possibility (or not) to define gauge-fixing indepen- 
dent quantities. The point is that physical observables computed from the 2PI effective 
action usually contain residual, spurious gauge-fixing dependences at finite approxima- 
tion ordeJ"! see e.g. [10|llj . No systematic procedure has been found so far to get rid of 
the latter. General results [TU] show however that these gauge dependent contributions 
are parametrically suppressed in powers of the coupling, which indicates that they should 
at least be well under control at weak coupling. Moreover, the observed good convergence 
properties of 2PI approximations schemes, see e.g. [6], suggest that gauge- fixing depen- 
dences may be controlled beyond the perturbative region. This has recently been tested 
for QED in Ref. [13], where the thermodynamic pressure has been computed from the 
(renormalized) 2PI loop-expansion at two-loop order in the covariant gauge. The results 
indicate that gauge-fixing parameter dependences remain under control in a wide range 
of couplings and are comparable with renormalization scale dependences, another source 
of uncertainty inherent in such calculations. Moreover, the Landau gauge has been iden- 
tified as the gauge minimizing both gauge-fixing parameter and renormalization scheme 
dependences. 
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